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Year 12 Mathematics Specialist Units 3, 4
Test 5 2020

Scientific Calculator Assumed
Rates of Change and Differential Equations

STUDENT’S NAME So/uxéor'x S

DATE: Monday 24 August TIME: 50 minutes MARKS: 47
INSTRUCTIONS:

Standard Items: Pens, pencils, drawing templates, eraser

Special Items: Three Scientific Calculators, notes on one side of a single A4 page (these notes to be handed in

with this assessment)

Questions or parts of questions worth more than 2 marks require working to be shown to receive full marks.

1. (3 marks)
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The direction field for a certain differential equation is shown above.

(a) Sketch the solution curve to the differential equation that passes through the point

(-2.5,1). [2]
(b)  Which of the following points does it pass through? [1]
A. (0,2) B.(1, 1) D. (3,-0.5) E. (0.5, 2)
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(5 marks)

1+y? . :
b _1+y , solve for y in terms of x, given that when

For the differential equation — =
dx  2xy
x=1,y=-1.
= 2y /
X

/+3l

//\ / /+UL/ = //1 /DL/ toc
/4{ (I/") wl 7”6

/I’\ X = C
) In ! /’LﬁL/ - [ + In 2
= /*71 = Ax
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(11 marks)

A small particle, P, describes simple harmonic motion along a straight with centre O. Two
points, A and B, lie on this straight line with A between O and B such that O4 =3 m and

AB=1m. At A the speed of the particle is 32 ms™! and at B its speed is 24 ms™.

(a)  Using the equation v* = k*(4> —x?), determine the value of 4 and k. [4]
2 T [2)
- %;L: &1(4—3> 0) 3 ? JLL
0
2t = R(A-4) (B s
Moo Q =) .ié = '41’?
® 9 A= 16
4 2 4
. 16(A-8) = 7(/}?\7) So 24°= 4 /5—!/2)
7/4Z =175 h = # g
A =235
(b)  Determine the period of the motion [2]
—~ _ A /A
/ - ?— = 7 Sec
(c) Determine the maximum speed of P [2]
Max whin ==0 =2 gt = ?l 5_(—‘0..
g, = 10 mk
man.
(d)  Determine the time to travel from A to B [3]
x(€) = S sin g
_ I sn " /X
= é = ? Sin (;—;)
/ ~ Y T ArE
5o % '63 = g ?) T8 ¥ (g)

-t 0,23 s€C
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(8 marks)

Audrey’s activity is to ride a mini speedboat. To stop at the correct boat dock, she needs to stop

the engine and allow the boat to be slowed down by air and water resistance. At time ¢ seconds

after the engine has been stopped, the acceleration of the boat, a ms2, is related to its velocity, v
-1

ms™, by

1 dx . x
a=——A196-v* ou may need the integral | —— =sin™'| =
n (v y g J = [a))

Audrey stops the engine when the speedboat is travelling at 7 metres per second.

(2)

(b)

Determine an equation for velocity in terms of time. [3]

Arqr -1 [ 196 - »*
A& /0

jﬂ“’ R

19 ~uU* /10

I &
/q) 10 , ) . > =7
/U: = 51'/1 ':f f-E)
14 6%

- Jb /T
v = /L/ Sin 75"'6/)

Determine the time it takes for the speedboat to come to rest. Give your answer in
seconds in terms of 7. [2]

Rz 14 PRYN v = 0O

10 £
N L = 1ol
£
S X AN
3
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(c) Calculate the distance it takes the speedboat to come to rest, from when the engine is

stopped. Give your answer in metres correct to one decimal place. [3]
ST
- . _ € 7
At = S % sin ( = 7 ‘ﬁ o

[

575
Iy [ 0w (% *?ﬁ)]

0
"IO[ CUS/'%T +6£) - &Lo%r

> 188 m

1

1t
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(10 marks)

20

The population of a culture is represented by the equation N(f) =————, where N is the
1+10e 1
number of individuals (in thousands) at any time ¢ hours.
—————y
(a) When will the population reach 50007 3]
20
= -_— 6
=) 5 ( +10e fioe
- %o0 20
=> [+[0e = <
R - OB

o
(b) Show that the rate of growth 62—]:] = kN (20— N) and determine the value of the constant

k. All working must be shown in order to receive full marks.

"6400 =1
N o= ;ZO( [+ [0e )

~-¢& -2 -—é(o
dr’ g -10(“/0«, ’DD) -2 o °

A€ ' " Joo
~20 /22 ) 20
- ~ 100 ' ~ )
3
= _,L _/\l}. Ao0— N
< 20* ~
/
S /\)(20—/\)> = k=
2000 ALOOO

(c) Given that the population after 5 hours is approximately 1903, calculate the approximate
increase in the population during the following 5 hours using the incremental formula.
Give your answer to the nearest integer. (3]

BN PURE o
3¢ At

I~ L 190320 -1.908) ()

2000
s 0. 686076
X 6
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(10 marks)

The height of a conical glass is 12 cm with a base radius R cm. Water is being poured in at a
constant rate of k cm® min™! and the glass is filled in 2 minutes. (see diagram).

(a)

R,

h
h
£ 2 — 0_(,‘/ = /Z c»’/"‘"‘
h 14 A€
~ - Rh Full ool = 3R
14 > 2k —jﬂz(lz)
3
k- p*
a1
(b) dh
’{ waltr = =k
Fromn rt (e)
446" %
AE 144 ;/7/ A
sl b
=9 % = %/» a/(
=5 ;/_‘/é? = :,Z%Y:
%
g = 4% . 2%%
22770 &w%@
188 = lﬁ'x% = ;)/lO/sx}/

Determine % when the glass is filled to one-half of its height?

4

=2

Show that = =23 cm min" when half of the water has been poured in?

bl €
(h=6) 5]
L
;?VrA
2 3
= L TRA R i conshé
S 44
g ‘@‘/bl_o_/ﬁ
144 At
,,\j/a:/\é
(-i:/).(g) A
144 2?&
Za ,-A
% i cm /m

3
tho = I 2L
3 Ty
ar Sl;ﬂ JARY r ::,f» ‘
. /’L [2
and ﬁl = _,b;
2
3
= = /£ ) /\,
3 x MY 2]/
Mo = _/é AB
6%
v
=> A = (365‘)
%3
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